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1 F&ER

EXAT B (L, <) RAER T, AXHER ab € La 5 b1 LHiF sup (a.b} 5 FH 5 inf { a.b ) HBAE7EF
J& T L, B4R (L, < )&— 48, Ha V b,a AN b535IFR0R sup {a.b ), inf {a,b}, 3T HAPUITF (L, <,AV)FIR
&, TRICA L.

EX2" " P,QEMH P — QRMY, EXNIEREabe P, fAf(aVb)=f(a)Vfb),f(a\Nb)=
Fla) N b)), MFR s RIS

EX 3" HITIF (G, +, < N N)FRA—A> Abel I-FF , WNFH 2T 51 554

(1)(G,+) "> Abel ¥ ;

(2)(G, < ,A\V)Z—H
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B)WHfFE abe e G, a <b,MWa+c<b+cWFR(G,+, < NN)VE—DAbel M P HE, WK N Abel 1-FE

FEX A WERIRTCIF (R +,-, < NN TSI

(D(R,+,) 22— HBNTT 1,

(2)(R, < A\ N) 211K

GIMHBEXLR M FE s, e R,2ANFEr <s,02 0 ir < s Hore < st, WIFR(R,+,-, < ,AN)E—" MG EH,
FRA 135

F1 IER ={reR|r=0},MEL4TEMFG)EMFTRR CR.

EXE™ B (RA+,, < NNV AR (M, +, < AN T A

(DM, +, < A\ V)J2& Abel -1

()M EXME Ymn,pe M, Nre R(r=0), WFm <n, W rm < rm, WFH M+, < N\V) LR K
Riesz %5 8] , AR A& ¥ 22 R—15%, TR RN Riesz B2, 104E (M, +, <).

F2 M ={m EM|m >0, MEXLSPREME YmneM,YreR(r=0),m<n,r=0Mrm<m%
MT:YmeM,NYreR,m=0,r=0,0rm>0%MT :.R"M" C M".

EX 6" W (M4, <), (N4, <)ZMA Riesz B, f 42 (M, +, <) B (N, +, <) B, 247 F B2 22 R-BE R 25
SORFE RIS IBR 2 (M. +, <)BI(N,+, <) B Riesz BRI CHE£( M.+, <) = (N,+, <),

EX T L Riesz B NXTG , Riesz B[RS A AS T, FIA BL— AN , R Z K Riesz BS54

EX 8 B (M+, <)J&—A> Riesz B, N A& M F5, JF H.(NV,4) 02 (M, +) B FBLL (N, <) 5 (M, <)+
¥, EH RN e N UFR (N, +, < )J&(M,+, <)BY—"F Riesz #i

EX O WM, M, H I R, M, < M, RIS, R REM, 5 M, B IC A M, % M.,

EX 10" M, M, ER S REE,M = {(xl,xz |2, €M, 2, € My FUAE (%) + (v, 75) = (a0, + v, 2, + y,),
a(x,%,) = (ax,,ax,), W MIE—A> RS, MAR LM, FLM, I ELRL, 100 M, DM,

EX A1 B 002 Riesz B (M, +, <) LI — D EM LR FEE mn e (M+, <),m 5 n BAXER 01C1E
m = n(mod@). U1 5 X AL B9 mon,p,qg e (M,+,<),re(R,+<), m=p(modf), n = g(modf) = m \ n(modh)
=p V g(modf) H.m A n(modf) =p A g(mod@),m + n=(p + q)(modf), rm = rp(mod@) W FK 6 J& Riesz 5 (M, +, <)
R RER TR m e (M +, <),m T EER SN ZCEm0, Bl m/0 = {n e (M,+, <)|n =m(modd) }, WIFK
(M.+, <)/0 = {0(m)|m e (M4, <)} H (M4, ) XTFRRKR OHIT

EN 12" YEJEWEC ,o € Hom(A,X),y € Hom(B,X),{ oy IESETALPE R AT 3 Y*ﬂ*ﬁ'ﬁ%a,ﬁ,
1I2E (Y,a, B). Ha € Hom(Y,A),B € Hom(Y, B) i1 pa = B, HXHME RN G 7 X AT E My € Hom(Z,A),
1S € Hom(Z, B), 5 @y = ¢8I FEEME—HI € € Hom(Z, Y ) fliy = a&,6 = BE(E 1),

b4
N vy
AN
AN
£
Y — A
5 o
B ®
B_Y.x
B 1 frEE

EX 13" FEEECH , 0 € Hom(X,A),p € Hom(X, B),{ @, } HEH B8 — X% Y fl—X 54t o, 8,
ICVE(Y, a,B). i a € Hom(AY),B € Hom(BY), it ap = gy, HXHER MR Z AT By € Hom(A, Z),
1EERS € Hom(B,Z), X ye = Sy it ,FAEME—RY € € Hom(Y.Z)ffiy = éa,6 = B(E2),



% Riesz#C% P iaw 5 b eh R TR 57

s
*

2 FEZLR

EEBAY B (M,+, <), (My+, <) # J& Riesz #8 , (M, X My,+, <) = ((m;;m,)|m, €(M,,+ <),
m, € (M,,+ <)), BliE
(m,,m,) +(m},my)=(m, + m,,;m, + mj)
r(m,,m,)=(rm,;ym,)(r € R)
(m;m,) V (mi,mb)=(m, V m)m,\V m))
(m,;m,) N (my,mb)=(m, N m),m, \ m})
W (M, % My, +, <)F&E— Riesz 5

IERR I SCEROLAL (M, X My, +, <) JE— 72 R85,

XHEZER (mym,),(mim}) e (M, x M+, <),

(m,,my)V(m),my)=(m, Vm),m,Vm))e(M, X My+, <)
(m,,my) N(mi,mb)=(m, Amj,m, A m))e (M, X My,+, <)
HO(M, x My, +, <)E—H,

AL F Y (mymy), (mimy), (pr.p,) e (M, X My, +, <), re(R+, <), 4 (m,m;) < (m{,m}), W (m,,m,) +
(pispa)=(my + prmy + py) < (mi + pmb + py) = (ml,m) + (prpy). 4 (mym,) 2 (0,0), r=0, W r(m,,m,
(rmy.rm,) = (0,0). BUH R AERER, NI (M, X M.+, <)JE— Riesz B4, BT LA(M, X Mo+, <)~ (M <)'~?
(M, +, <)RE,

EX 14 B (M, +, <), (My+, <)HBIE Riesz B, W (M, X My, +, < )WIE Riesz B, FR A (M, +, <) 15 (M,,+
S)ITE.

E3 T Riesz BUEIET (M, X My, +, <) J2& Riesz B85 (M, +, <) 5 (M,,+, <) B ELEUEJE Riesz #(M |+, <) 5
(M,,+, <)BIR,

S (M, +,<),(My+, <),(M,+, <) Riesz 15, @ J& (M, +, <) B (M, +.,< ) ) Riesz #[R 25 , ¢ &
(M, +, <)BN(M,,+, <)Y Riess LIS, A (M, X My, +, )IFHE(N+, <) ={(mm,) | @ (my) = ¢(m,) }, W (N, +

<)JE(M, X My,+, <)B—A>F Riesz H5 .
R WHLE (mymy),(mim)) e (N,+, <),r e
@(m, +m})=¢@(m,)+¢(m))
lﬂf.(m,+m{,m2+m;)e(]\/,+,<) N A (m m,) +
e(N,+,<). AR

(R+, <)H
= ( )+ (my) = (m,y + my)

(m ) (ml +ml,mz+m;),ﬁ)]"w\(ml,m2)+(m;,m;)

o(rm,) = re(m,) = rp(m,) = (rm,)
BRLA(rm, rmy) € (N,+, <), Blr(mymy) € (No+, <) 880N+, < (M, X Mo+, < )R— 1
XHEREH (mym, ), (mimy) € (N,+, <)H
@(m, Vmi)=e(m )V e(m))=¢(m,)Vi(m))=ip(m, V m;)
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@(m; Ami)=@(m)Ne(m))=¢(m,) \p(m;)=d(m, A m;)
W (m, Vml,m, Vmi)e(N+, <), (my Ami,m, Amy)e(N+, <) X W R (my,my)V(mj,m})=
(m, Vmi,m,VVm}), (m,my) N(m},ms)=(m, Am|,m, Amb), Bl (m,,m,)V(m|,m))e(N,+, <), (m,.,m,)
Nmim}) e (N+, <), BN+, <)M, X M.+, <)B—DTH.

XHERER (mym, ), (mi,m}),(py.p,) € (N4, <),r e (R+, <), 45 (my,my) < (mf,mb), N (mym,) + (p.p,),
(m),m))+ (p.p,)e(N+, <) BT b (m,my)+(p.p,)<(m|,m))+(p.p,). # (m,m,)=>(0,0), r=>0,
(my,m,) e (N,+, <),re(R+, <), Filhr(m,,m,) > 0. BOH RAHEICER  FIL (N, +, <) (M, X My, +, <)BJ—"
F Riesz f5

BlI2 W (M,+, <),(M,+, <)J& Riesz 855, (N, +, <) 4& (M, X M,,+, <) )T Riesz £, a J& (N, +, <)
(M,,+, <) B BRSS, B 2 (N+, <) 3 (M,,+, <) B g, B & : X Y(m,,m,) e (N,+, <), a(m,,m,) =m,,
B(m,,m,)=m,, W a., B Riesz B[] 5,

R LR (mymy),(mim)) e (N,+, <),re(R+, <)H

a((m,,m,)+(m|,m))) =alm, + m|,m, + m})=m, + m|, = a(m,,m,) + a(m|,m})
a(r(m,,m,)) = alrm,m,) = rm, = ra(m,,m,)
B o AR 2
a((m,m,)V (m},m3)) =alm, Vm,m,Vm)=m, Vm=alm,m,)V alm;,m))
a((m,,my) A\ (m},m})) =alm, AN mi,m, AN ms)=m, A m| =a(lm,,m,) \ a(m|,m})
W o B M o T Lh o J2 Riesz B (N, +, <) 3| Riesz 5 (M, +, < ) [ Riesz # [R5 o [A] 3 0] HIE B /& Riesz 155 (N, +
M+, <) RieszBE(M,,+, <) Riesz B[ 25

EH 2 TF Riess Bijumsrh 1% (M, ,+, <), (M,,+, <),(M,,+, <) 4 Riesz %% , @ € Hom((M,,+, <),(M,,+,<)),
€ Hom((M,,+, <),(M,,+, <)), W { o, ¢} BFLEE{(N,+, <), a, 8K 3), Hodt (M, x M,,+, <) )T Riesz}%
(N,+,<)={(ml,m2)|¢>(m1)=lp(m2)}, ae Hom((N,+,<),(M,,+, <)), a(m,,m,)=m,, BeHom((N,+,<),
(M,,+, <)),B(m,,m,) = m,.

(N, +,<)

A

(N’ +, S) e (Ml’ +, S)
| g
(M, +, <) —2> (Ms, +,<)

B3 Riesz 536 85 B Y+ 5] &

IERR W T XHMEER (mym,) e (N4, <)H
pa(m,,my)=@(m,)=¢(m,)=yB(mm,)
LA ga = B, B (N,+, <)EN(M,,+, < )4 Riesz L[ 25y, (N, +, <) B (M,,+, <) Riesz B[ 25 6 W6 /2 oy = 4.
A BRELE(N,+, <) = (Not, ) EIMEE R x e (N,+, <),&(x) = (8(x)y(x)), BIRA
a ° €(x) = a(8(x)y(x)) =y(x),B o &(x) =B(8(x)y(x)) = 8(x)
AHEE M x,y € (N+, <)r e (R+, <)
E(x+y)=(8(x +y)ylx +y))=(8(x) +8(y)y(x) +y(y)) = (8(x),y(x)) + (8(y)y(y)) = &(x) + E(y)
E(rx) = (8(rx),y(rx)) = (r8(x),ry(x)) = r(8(x)y(x)) = ré(x)
FIFLLE (x) JAi S . T
E(x Vy)=(y(x Vy)d(x Vy))=(y(x)Vyly)s(x) Vély))
= (8(x),y(x)) V(8(y)y(y)) = €(x) VE(y)
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Elx Ny)=(8(x Ny)y(x Ny)) =(8(x) ANd(y)y(x) Ay(y))
=(8(x)y(x)) A (8(x)y(y)) = €(x) N é(y)
JITLLE (o) Je Ak TRl o PRI & (x) A2 Riesz 155 [R] 285
THTEME Y BBAELE E(No+, <) = (No+, <), (1136 = BE,y = & XHEREM x € (N.+, <)H
B o€ (x)=08(x)=°&(x),ac &' (x)=y(x)=ac(x)
MR o B Riess B RIZS FITLLE = £ THIL{(NV,+, <) B} .0 YAYRLIHL,
EHE3 WM.+, <), (My+, <) EBSE Riesz B, (M, @M, +, <) = {m, + m)|m, e(M,,+ <)m, & (M,,+ <)},
E
Vm, + m,ym! + m), e (M, ®M,,+, <),Vre(R,+, <)
(m, + my) +(mj +my)=(m, +m})+(m, + m;)
r(ml + mz) =rm, +rm,
(m; + my) V (mj + my)=(m; V mi)+(m, V mj)
(m, + m,) N (my +m5)=(m; Ami)+(m, \ mj)
(M, @M,,+, <)f&E—"> Riesz 15,

TERA  SCERL L)AL, (M @M, +, <) —E R,

SEEZE m, + my,m| + ml, e (M, ®M,,+, <),

z(m, + my)V(m,+m))=(m, Vm))+(m,Vm))e(MDM, +, <)
(m, +my) AN(m} + m})=(m, Am})+(m, A m))e(M,DM,,+, <)
(M OM,,+, <)Je— ",

YAL B m, + my, m) + mh, p, +p, e (M®M,,+,<),re(R+,<), & m +m,<m|+m), W (m, +m,)
Hp,+p)=(m, +pom,+p,)<(m) +p.mi+p,)=(m, +ml)+(p, +p,).Arm, +my=>0+0,r=>00r(m, +m,)
=rm, +rm,>0+0=0,806 ALK, HL(M,OM,,+, <)Z—" Riesz i,

EX15 W (M, +, <),(My+, < )EBIE Riesz B, W (M, DM, +, < )W J& Riesz B, Wl (M, +, <) 5 (M, +
S<)BYEF

£ 4 TE Riesz Bl (M, ®M,,+, <)J& Riesz 5 (M, +, <) 5 (M,,+, <) B EHGEEE: Riesz 5 (M, +, <) 5
(M, +, <)BIRH,

EX 16 1 0/E Riesz B (M, DM, +, <) FI—DEM KRR IMEE m, + myn+n, € (M ®M,,+, <),m, +
m, S n +n, B LR, ICEm, +m,=n, +n,(modd). WXL E I m, + mo,n, + npup, + payrq, +

e (M®M,,+,<),re(R+,<),Mm, +m,=(p, +p,)(modb),n, + n, =(q, + ¢,)(modf) Bf 5
(m, +m,) +(n, +ny) = ((p, +p,) + (g, + ¢,))(modh)
r(m, + m,)=r(p, + p,)(modd)
(my +my) V(n, +n,)=((p, +py) V(g + ¢,))(modf)
(m, + my) Any +ny)=((p, + py) Agy + ¢2))(mod@)
DIFR 0 2 RieszB5( M, B M, +, <) ERIRIATEER FR(M, ®M,)/0 ,+,<)={0(m, +m,)|m, + m, e (M, ®M,,+ ,\)}
B OH O+, <)% T FAKF 07

o E WS oM+, <) = (M®M,)/0,+, <), B:(M,,+,<)— (M, ®M,)/0,+,<), i & alm,)=
O(m, +0),8(m,) = 60(0 + m,), WFRBLLS o, B FIRWLES

SIIE3  Riesz#i (M, BM,,+, <) PEEZNFRFERNIZAII N FRR .,

IEBR K 0(i e 1) /& Riesz B (M, DM, +, <) EIYFIR IR, T 0, WM LR, SBIUENG ZFM KR,

OA KM :VYm, + my e (M®M,,+, <) H 0(i € 1) J& Riesz 5 (M, OM,,+, <) FLHFRIR KR, A (m, +
my,m, +m,) € 0, JLh(m, + m,,m, + m,) 0.

QXFFRIE : Ym, + myn, + n, e (M, BM,,+, <), H T (m, + myn, +n,) €., m, + m#zn, +n, H.60,(iel)
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J& Riesz B (M @M, +, <) FIIFIREER B (n, + n,om, + m,) € 0,11
(m,+my,n, +n,)e0, (n, +n,ym, + m,) €6,

QLB Ym, + myyn, + nyp, +p, e (MM, +, <), 1T (m, + myn, +n,) € 0,,(n, +n,,p, +p,) <0,
H 6,(ic I) /& Riesz 5 (M, ®M,,+, <) LIFRIARKE A (m, + my,p, + p,) e 0, BT LA (m, + my,n, +n,)eN6,,
(n, + Nyy Py +Pz) e, ﬁ("h + m,,p, +P2) Neo.. .Jﬂﬁﬂe %Riesz*ﬁ(M OM,,+, < )J:E/‘J%1ﬁ3é§\o

TUENG, R A KR :Vm, + my,n, + nyup, + pang, + ¢, € (M ®M,,+,<),reR, H (m, + my,n, +n,)
eNO,,(p, + porqy + ¢,) €N FALER 0 € DA, (my + myn, +ny) € 0,(p, + pogy + q,) € 0, FTLLA
((my + my) + (py + py),(ny + ny) + (g, +q,)) € 0, (r(my + my),r(n, + ny)) € 6, ((my +my)V(p, +p,),
(n,+n,) Vg, + g:))e 0y ((my +my) N(py+po)(ng +ny) N(gy +q2)) € 0. B BEA ((my + my) + (py + py),
(n,+n,)+(q,+q,)eNb, (r(m, + m,),r(n, +n,)) e, (m, + m,)V(p, +p,),(n, +n,)V(q, +q,)) e,
((m, + my) A\ (py +p)i(ny +ny) Ng, + q,)) €6, FTLANG, 2 Riesz B (M, BM,,+, <) FIFIARCH

X7 B(M.+, < )JE—" Riesz B, R C M x MJEM EH)—A"JCRKFR,L<R>=0|RC 0,0 EM
ERRIARSEER )RS THE 3, (RYJEM ERYRIARIEER PR RA B M LR KR o

SIE 4 BE(M,,+, <), (M, +, <)k Riess 852, % (MO M.+, <) KT FRRKR MR (M, OM,)/0,+,<)=
{6 (m, + mz)’m, +mye (M @M, +, <)}, 5E :Ym, + my,m| + m) € (M,®M,,+, <),r e (R,+, <)f

0(m, + m,) + 6(m| +m})=0((m, + m})+(m, + m}))

rm, +rm,)
m, Vm!)+(m,\V m)))
m, Am})+(m, A\ m}))

6(
r0(m, + m,) = 0(rm
O(m, +m,)V 0(m}| +m}) = 6(
O(m, + m,) N\ 0(m} + mj})=6(
W((M,BM,)/6,+.< )R Riesz 15,
HWERR  XF Vm, + mom! + min, + non) + n) e (M, ®M,,+, <), 2 (m, + my) ~ (n, +n,), (m} + m}) ~
(n! +n)),B00(m, + m,)=0(n, + n,),0(m) + m))=0(n, +n)). HT
O(m, + m,) + 0(m| + m;)=0((m, + m,) +(mj +m;)) = 0((n, + n,) +(nj + ny)) = 0(n, + n,) + 6(n| +n})
rO(m, + m,)=0(rm, + rm,) = 0(rn, + rn,) =r0(n, + n,)

O(m, + m,) V 0(m| + m})=60((m, + m,) V(m) +m}))=0((n, +n,) V(n| +ny))=0(n, +n,)V0(n) +n))
O(m, + my) N\ O(m; + m})=60((m, + my) \(m} +m})) =0((n, +n,) \(n} +n}))=0(n, +n,) \6(n} +n})
HE((M,®M, )/0,+, <) iz 5REEITT BT X .

XYO(m, + m,),0(m, + m}),0(m! + mi) e ((M,®M,)/0.,+, <),a,br e (R+,<)H
O(m, + my)+ 0(m} + m})=0((m, + m})+(m, + m)))e (M, OM,)/0,+, <)
(B(m, + m,)+ 6(m) +m})) + 0(m}| +m5)=(0((m, + m}) +(m, + m}))) + 6(m| + m})
O(((m, + m{)+ (m7)) + ((my + m}) + (m5)))
O(((m,) + (m] + m7)) + ((m,) + (m} + m5)))
= 0(m, + m,) +(0((m] + m7) + (m} + m})))
=0(m, + m,)+(0(m) + m))+ 0(m/| + m}))
O(m, + my)+60(0+0)=60((m, +0)+(m,+0))=0((0+m,)+(0+m,))
=60(0+0)+60(m, +m,)=60(m, +m,)
0((=m,)+(=m,)) + 0(m, + my,)=0((-m, + m,) + (-m, + m,))
= 0((m, + (=m,)) + (my + (=m,))) = 6((m, + (=m,)) + (m, + (-m,)))
=0(m, + m,)+ 6((-m,)+(-m,)) =6(0 +0)
O(m, + m,) + 6(m| + m3) = 60((m, + m) +(m, + m})) = 0((m} + m,) +(mj + m,)) = 0(m; + m}) + 0(m, + m,)
B (M, @M, )/0,+, <)2—">Abel f .
XEVO(m, + m,),0(m| + m}),0(m| + mi)e ((M,®M,)/0,+, <),a,bsr,1 € (R+,<)H

— -
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a(0(m, + m,) + 0(m| + m})) = a(0(m, + m})+(m, + m3)) = 0((a(m, + m})) + (a(m, + m;)))
=0((am, + am}) + (am, + am})) = 6(am, + am,) + 0(am| + am})
=al(m, + m,)+ ad(m) + m})
(a+b)(O(m, +m,))=0(((a +b)(m,))+((a+b)(m,)))=0((am, + bm,) + (am, + bm,))
=0(am, + am,)+ 0(bm, + bm,) = a(6(m, + m,)) + b(6(m, + m,))
(ab)(0(m, + m,)) = 6((ab)(m,)) + ((ab)(m,))) = 6((a(bm,)) + (a(bm,)))
=a(0(bm, + bm,)) = a(bO(m, + m,))
1(0(m, + m,)) =0(lm, + Ilm,)) = 0(m, + m,))
(M, ®M,)/0.+, <)je—D/ER-FL, Xl T
O(m, +my)\V 0(m| + m3)=0((m, V m})+(m,Vm3))=0((m|V m)+(my\V m,))=6(m; +m))V 6(m, + m,)
O(m, +m,)V (O(m) + m5)V O(m| + m}))=0(m, + my,) V(0(m} V m|)+ 6(m,V m}))
= 0(((m,) V (mi Vm7)) +((my) V(m5 V m3)))
O(((m, V m)V mT) +((m, Vmy)V m5)))
=(0((m, V mi)+ (my V my))) V 0(m} + my)
=(0(m, + m,) V 0(m| + m3)) V 0(m} + m})
O(m, +m,)V O(m, + m,)=0((m,V m,)+(m, + m,)) =0(m, + m,)
O(m, +m,)V(O(m, + my,) N O(m! + m)) =0(m, + my,) V (8(m, A m})+(m, A m}))
O(((m,)V (m; Ami))+((my) V(m, A m})))
o(

m; + mz)

O(m, + my) N\ O(m; + m})=60((m, A m})+(m, A m}))=0((m; Am,)+(ms N\ m,))

=0(m, +m) N\ O(m, +m,)

O(m, + my) N(O(m) + m5) A\ O(m| + m5)) = 0(m, + m,) A (O(m} A m|)+ 6(m} A m}))

= 0(((m,) A (mi Am7)) + ((my) A (ms A m%)))
= 0(((m; A mi) Am7)+ ((my A my) A m3)))
=(0((m, Am})+ (m, A m}))) N 0(m] + m})
=(0(m, + my,) N O(m} + my)) N\ 0(m| + m})
O(m, + my) NO(m, + m,)=0((m, ANm,)+(m, A m,)) =6(m, + m,)
O(m, + my) N(O(m, + m,)V O(m) + m})) = 0(m, + my) N(O(m, V m})+(m, V m}))
O(((m,) A\ (my NV mi)) + ((my) A (my V m3)))
(m +m2)
(M @M,)/0,+, <)Je—"H.

SHEE R m, + m,,m| + mb,p, + py€ (MBM,,+,<),re(R+, <), #&m, +my <m) +mh, XIHHNO(m, +
my)+0(p, +p,), 0(m} +mi)+6(p, +p,)e((MBM,)/0,+,<), TLh6(m, + m,)+ 60(p, + p,) < O(m} + m}) +
O(p, +p,). & m +my=20+0, r=0, m, +m,e(M®M,+,<), re(R+,<), X K rf(m, +
m,) e (M, ®M,)/0,+, <), T Lhrf(m+m,) > 0, B L AR KR, BT LA (M, OM,)/0 .+, <)3E—A Riesz 1

BIIE5 % (M,,+, <),(M,,+, <) & Riesz 15 , & Riesz #55 (N,+, <) = (M, ®M,)/0.+, <) ={0(m, + m,)
Im, + m, € (M\®M,,+, <)}, a5 (M, +, <) B (N,+, <) BB , B & (M, .+, <) B (N, +, <) BB, KLE
Vm, e (M,,+,<),a(m,)=0(m, +0),Ym, € (M,,+, <),8(m,)=0(0 + m,), W a B Riesz F [ 2%,

WERR B TXVYm,,me (M,,+,<),re(R+,<)A

alm, +m!)=0((m, +m})+0)=0((m, +0)+(m| +0))=0(m, +0)+0(m| +0)=a(m,) + a(m))

a(rm,)=0(rm, +10) =r0(m, + 0) = ra(m,)

a(m, V- mi)=60((m, Vm)+0)=0((m, +0)V(mi+0))=0(m, +0)VO(m|+0)=a(m)Va(m)

alm; Ami)=60((m, Ami)+0)=0((m, +0)A(m+0))=0(m, +0)A6(m|+0)=a(m)Na(m))
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NHFVm,,m,e(M,,+,<),re(R+, <)H
B(m, +m}) =000+ (m, +m))) =600+ m,)+(0+m}))=06(0+m,)+ 600 +m))=B(m,)+B(m))
B(rm,)=0(0 + rm,) =600 + rm,)=r0(0 + m,) = B(m,)

B(m, Vm5)=0(0+(m,Vm)=0(0+m,)V(0+m,))=000+m,)V 00 +m))=8(m,)VB(>m))

B(m, Am5)=0(0+(m, Am’)) =600+ m,)AN(0+m}))=60(0+m,)A0(0+m)=8B(m,)\B(m}))
W B Riesz P [R) 25 .

EIB 4 T Riesz B JOWEF , 3% (M, +, <), (M, +, <), (M, +, <) & Riesz ¥ , @ € Hom((M,,+, <),(M,,+, <)),
€ Hom((My,+, <),(My.+, <)), W { @, YEYHEH (N, +.<), . B I 4) , HoP (N4, <) = (M, ®M, )6 ,+, <) =
(0(m, + my)m, + m, e (M@ M.+, <)f, 0 & H ((¢(m).h(m))|Vme M+, <)} A BB F KK R,
a e Hom((M,,+, <)(N,+,<)), Vm eM, +,<), a(lm)=0(m,+0), BeHom((M,+,<),(N,+,<)),
Vm, e (M,,+, <),B(m,)=0(0 + m,).

||\

)
) =

(M35 +’ S) _‘P) (Ml, +7 S)

P,

(M2:+7S)L>(Na+ys

s R
(N, +,<)

B4  Riesz #3E s H Y HE H B

R XHMEEMI m e (M, +, <)f ap(m) = 0(e(m) +0),B84(m) = 6(0 + (m)), LHH ((¢(m)p(m)) e 6
JITLh0(@(m) +0) = 0(0 + ¢r(m)), B m BE MW ap = By
B (N, < )J&— Riesz 1,y 5 (M, +, <) B (N, +, <) Riesz B[R 25,8 &= (M,,+, <) E|(N,+, <) Riesz
RS, Wy = S A M € N+, <) B (No+, <) OB, BLSE « X Ym, € My, my € My, 0(m, +
m,)e((M,®M,)/0,+,<),£&(0(m, + m,)) =y(m,)+6(m,).
XtVYm, e (M, ,+,<),m, e (M,,+, <),m, + my,m|, + m\) e (M,®EM,,+, <)% 0(m, + m,) = 0(m| +m}), HT
£(0(m, + m,)) =y(m,)+8(m,) = y(m]) + 8(m}) = E(O(m] + m;))
e AR ITTM I
HRXVYm, e (M,,+, <),m, e (M,,+, <),0(m, + m,).0(m| + m})e (M, ®M,)/0,+, <)H
E@(m, + my)+0(m) +m))) =&0((m, + m})+ (m, + m}))) =y(m, + m}) +6(m, + m})
=(y(m,) +y(m})) +(8(m,) + 8(m}))
=(y(m;) +8(m,)) + (y(m}) + 6(m}))
=£(0(m, + m,)) + £(O(m] + m}))
E(rO(m, + my)) = y(rm,) + 8(rm,) = ry(m,) + r5( 2) =1€E(0(m, +m,))
EO(m, + my)V O(m) +mb))=£0((m, + m))V (m, + m}))) = L+ m))VE(m, + my)
=(y(m;)+y(m})) V(8(m,) +
=(y(m;)+8(m,)) V (y(m}) +
=£(0(m, + m,)) V E(O(m] +
§(O0(m, + my) N O(m| + m})) =E0((m, + mi) A (my + m)))
=y(m, + mi) \d(m, + m})
=(y(m,) +y(m})) A (8(m,) + &(m})
=(y(m,) +8(m,)) A (y(m})+8(m3)
=£(0(m, + m,)) NEO(m] + my))

8(m
8(m
)

y(m
2))
2))
m;))

)
)
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FITLL & 2 Riesz B[R] 2% o
A E R (N+, <) B (N,+, <) B9 Riesz 85 7 25, HXF Vm, e (My,+, < ),m, € (My,+, <), m, +
e(M®M,.+,<), H £0(m, +m,))=y(m,)+8(m,), & K H : fa(ml)=§(0(m1+0))=7(m1)+5(0)
=y(m,),&B(m,)=&(0(0 +m,)) =6(m,)+vy(0)=8(m,), Him,,m, WAL TEATHI :£a = y,£8 = 6.
I & FrmE—ME
A &M ST R S Y Riesz B[S, A5 €l = y = €a,€B = 6 = &8, LN K a FI B Riesz B[l 25, T LA £ = ¢/
HIE. IE{(V,+, <), a, B2 (@, ¢ MU
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Study on Properties of Pull-back and Push-out in the Category of Riesz Modules
YU Xiao—-wen', TANG Jian-gang'?, LI Dan-yang'
(1. College of Mathematics and Statistics , Yili Normal University, Yining , Xinjiang ,835000, China
2.Institute of Applied Mathematics , Yili Normal University, Yining , Xinjiang 835000, China)

Abstract: Pull-back and push—out, also known as fibre product and fibre coproduct, are two important dual
concepts in category theory, and are abstraction of many concepts in mathematics, with rich connotations. In this
paper, existence and uniqueness of pull-back and push—out are studied in the category of Riesz modules.Firstly the
notion of pull-back is introduced by constructing an object and a pair of morphisms that satisfy the notion of
pull-back in the category of Riesz modules, and prove the existence and uniqueness of pull-back. Dually, the notion
of congruence relation is introduced in the category of Riesz modules, based on which the notion of quotient of Riesz
modules is defined by applying the congruence relation as a quotient. Then, the notion of push—out is defined by
constructing an object and a pair of morphisms that satisfy the notion of push—out in the category of Riesz modules,
and prove the existence and uniqueness of push—out.

Keywords: Riesz modules ; Category ; Pull-back ; Push—out



